2N qubit "mirror states" for optimal quantum communication 
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We introduce a new genuinely entangled 2A'' qubit "mirror state"', with a high degree of con- 
nectedness and persistency. The well known Bell and the cluster states form a special case of 
these "mirror states", for A'' = 1 and N = 2 respectively. It can be experimentally realized using 
SWAP and controlled phase shift operations, for e.g., using the Dzyaloshinskii-Moriya interaction 
in a Heisenberg spin model. After establishing the general conditions for a state to be useful for 
various quantum communicational protocols, it is shown that the present state can optimally imple- 
ment algorithms for the quantum teleportation of an arbitrary A^ qubit state and achieve quantum 
information splitting in more than one way. With regard to superdense coding, one can send 2N 
classical bits by sending only A'' qubits and consuming A^ ebits of entanglement. 

PACS numbers: 03.67.Hk, 03.65.Ud 

Keywords: Entanglement, Teleportation, State sharing, Superdense coding 



INTRODUCTION 



Quantum communication protocols such as teleporta- 
tion ll|, secret sharing [2l] and superdense coding [3| re- 
quire entangled states. Apart from the regular measures 
like concurrence [J| and diflferent types of entropies Q, 
one often needs to characterize entangled states keeping 
in mind, the nature of the quantum task at hand. It 
has been observed that the efficacy of a given state for 
a number of quantum tasks depend not only on the de- 
gree of entanglement, but also on "connectedness" and 
"persistency" Q. Connectedness refers to the possibil- 
ity of projecting two qubits of a state into the Bell basis 
by performing an appropriate local measurement on the 
other qubits, while the persistency of entanglement refers 
to the minimum number of local measurements needed 
to completely disentangle the given state. 
In case of three qubits, the GHZ states are maximally 
connected, whereas W states [7| are not, although the lat- 
ter has a higher persistency. GHZ states can be used for 
teleportation and secret sharing, whereas the symmetric 
W state fails to carry out this task. Based on LOCC, 
often used for quantum communicational tasks, entan- 
gled states have been classified only upto four qubits Q . 
Higher dimensional entangled states, not belonging to 
the existing classifications, have been found through in- 
tense numerical search procedures [9| , which becomes re- 
strictive as the number of particles increases. Instead, 
approaches based on symmetry and making use of en- 



tangling operations, based on physical Hamiltonians, are 
often preferred since the same are experimentally feasi- 
ble. Apart from the generalization of the well known 
GHZ and W states, an interesting new class of A^ qubit 
graph states, known as the cluster states ^ has been 
introduced into quantum information theory: 
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with CT^"''^ = 1. This state owes its origin to Ising type 
interactions and it simultaneously exhibits maximal con- 
nectedness, with a persistency of entanglement of -^. 
Quantum teleportation of single and multiqubit states 
is a field of intense research. In a path breaking 
work, Bennett et al. [l|, introduced the first scheme 
for the teleportation of an unknown single qubit state 
iVa) = a|0) + W) {a, (3 G Clap + |/3|2 = 1), using 
a two qubit Einstein-Podolsky-Rosen (EPR) pair given 
by, \ip±) = 4^(100) ± |11))^B as an entangled resource. 
The same can be achieved using the three qubit GHZ 
[W^ . the asymmetric W state fill [l3l and the cluster 
state [ij]. Recently [ij, [l^ ]IQ, [i3|, several schemes 
have been devised using different types of entangled chan- 
nels for the teleportation of an arbitrary two qubit state 
given by \ip2) = J2n,i2 "iii2Ni*2), where a^^^^ € C and 
E|aiji2p = 1- While, there are experimentally feasible 
states that can teleport single and two qubit states, con- 
structing genuine multiqubit entangled channels which 
can teleport an arbitrary N {N > 2) qubit state is a 
non-trivial task and is of obvious interest to experimen- 
talists. Even the well known GHZ, W and the cluster 
states cannot be used for this purpose because there is 
no N ebits of entanglement between any bipartition of 
these states for A^ > 4. Recently, entangled 2N [1^ 



and {2N + 1) [i9| qubit states have been introduced for 
this purpose. However, experimental feasibility of these 
states remains an open question. 

Here we introduce a new experimentally realizable gen- 
uinely entangled 2N qubit "mirror state" |C2Ar) for this 
purpose that is different from GHZ, W and cluster states 
under LOCC for A^ > 2 and exhibits different entangle- 
ment properties. As is shown below, this state is well 
suited for a number of quantum communication purposes 
like teleportation, secret sharing and dense coding. 
To design entangled channels keeping the communication 
protocols in mind, we found it necessary to start with a 
SWAP operation between the second and the last qubit of 

Ar -r, 11 . I , X I , i I , i SWAP{2,2N) 

N Bell pairs as \ip+)i2H+)3i-W+){2N-i)2N ^ 

\C2n) ■ The SWAP operation can be realized by switch- 
ing on the Dzyaloshinskii-Moriya (DM) interaction [20] in 
the Heisenbcrg model between the second and last qubits 
in N Bell pairs ; 
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D.{(T2'X(T2n)), 

(2) 
for time ^ = 57, where D is the vector coupling. |C2Ar), 

can be obtained from \C-2n) , by performing a controlled 
phase shift operation 2l| between the first (A^-|-l) qubits. 
These interactions together create N ebits of entangle- 
ment between the first N and the last N qubits. For 
N = 1, these interactions takes |^_) to \ip-) and for 
N = 2, the SWAP operation between the second and 
fourth qubits on two Bell pairs |'0+)i2 ® |'0+)34 leads to 
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After a controlled phase shift operation on the first three 
qubits, the state [(^4) reads 

IC4) = ^(10000) + 10110) + 11001) - |llll))i432, (4) 

which belongs to the class of cluster states. It is well 
known that the Bell and the cluster states, are well suited 
for teleportation of an arbitrary single and two qubit in- 
formation respectively. For N >3, \C2n) differs from the 
class of cluster states and exhibits different entanglement 
properties. 

An arbitrary A^ qubit state that needs to be teleported 
is of the general form : 

1 2~ 

IV'Af) = X! «»li2...iivKl«2---«w) = ^amlV'm)- 

ii,i2---iN=0 1 

(5) 
where ai^i^,,,iN e C and T,\ai^i2,,,if,\'^ = S|amP = 1- 
IC2JV) can be written in the convinient form 
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ii,i2---«JV=0 



Here R is the unitary " Reflection operator" , which yields 
the "mirror image" of the state, through the following 

transformation, |zii2...«Ar)^|?ArJAr-i...ii). Owing to this 
built in reflection symettry in the state, we call it a "mir- 
ror state" . 

The state is genuinely entangled according to many 
measures of entanglement. The von-Neumann entropy 
between the subsystems E(pi^2...,k\pk,...,2N) = k; hence, 
for teleporting an arbitrary k {k < N) qubit state, Alice 
can have the first k particles and Bob the last {2N — k) 
particles in \C2n)- The monogamy inequality for entan- 
glement [4|, 
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holds for the present state. Here, Ca\b, represents 
the concurrence between the subsystems A and B. 
Moreover, it is always possible to project two qubits 
into a Bell state by performing an appropriate local 
operations on the other qubits. Hence, the present 
state is "maximally connected" like the GHZ and the 
cluster states. Further, the entanglement of this state 
prevails even after we perform local measurements on 
the other qubits, making the state "highly persistent". 
In general one needs to perform a minimum of N/2 local 
measurements to break the entanglement of |C2Af) which 
makes it behave like the cluster state under particle 
loss. In this paper, we construct suitable protocols 
for the teleportation of an unknown N qubit state, 
the information splitting of an unknown {N — k) state 
(k < N) and superdense coding using \C2n), as a shared 
entangled channel. 

Let us now investigate the usefulness of this state for 
the teleportation of \iPn)- The general condition for an 
entangled channel \tfj)AB, where A and B refer to the 
subsystems of Alice and Bob respectively, to be used for 
teleportation of an arbitrary k {k < N) qubit state, is 
that there has to be atleast k ebits of entanglement be- 
tween them. As mentioned earlier, this property is not 
satisfied by \Cn) for iV > 4 while it is satisfied by |C2Af), 
owing to the fact that after we trace out (2A^ — k) par- 
ticles, the resulting density matrix is completely mixed. 
Hence, it can be used for the perfect teleportation of an 
arbitrary k qubit state. 

We let Alice possess, particles 1 to iV and Bob, the last 
N particles. Alice has an arbitrary N qubit state \tpN), 
which she needs to teleport to Bob. Alice can perform a 
2A'^ partite joint measurement on her particles as : 
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where \4>'xS form the orthogonal outcomes of the mea- 
surements which, can be rewritten by making use of the 



reflection operator as \(l)x,) = I]; Z]fe(IV'i)^IV'fe)) {k ^ 
or \(i)xi) = Em(IV'm)-RlV'm)) (k ^ I = TTi) . Alice can 
convey the outcome of her measurement to Bob via 2N 
cbits of information. Bob's state collapses to 



^^K#,)+a,|?Afe))(for fc^/), 

'^am\iprn){ior k = l = m). (9) 
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Bob can obtain IV'Af), by performing an appropriate uni- 
tary operation on his particles. We now illustrate the 
working of this protocol for the teleportation of an ar- 
bitrary three qubit state using \C,q). The unknown three 
qubit state, that is to be teleported is given by: 

|V'3)a6c = (ailOOO) -I- aalOOl) + aslOll) + a4|lll> + 

aslllO) -I- aellOl) + arllOO) + a8|010))a6c.(10) 

The circuit diagram that generates jCe) that is used to 
teleport iV'a), is shown in Fig 1 : 
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Fig 1 : Circuit diagram for the construction of |^g). 
The corresponding six qubit "mirror state" reads: 
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:(|00)|V^+)|00)-I-|01)|^+)|10)+ (11) 
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Alice can perform a joint six partite measurement on 
"abcl63" and classically communicate the outcome other 
measurement to Bob via six cbits of information. For 
instance, if the outcome of Alice's measurement is, 

\(\>^)2 = ^(1000100) + 1001000) + 1011111) + 
2\/2 

IlllllO) + iiooooi) + llOOOll) + 

1101010) + |010101))„fcci63, (12) 

the corresponding state obtained by Bob is : 

10^2) = (ailOOl) + aalOOO) - agllll) + a4|011) 

-FasllOO) + ae\nO) + aylOlO) + a8|100))452. (13) 

Bob can perform a sutiablc controlled phase shift gate 
and a unitary transformation to obtain IV'a)- This com- 
pletes the teleportation protocol of an arbitrary three 
qubit state using \(q). 

Entanglement is also crucial to Quantum information 
splitting (QIS) [IJ, |2^, which refers to the technique of 



splitting and sharing of quantum information among two 
or more parties such that none of them can retrieve the 
information fully by operating on their own qubits. For 
a given entangled channel, one can construct different 
protocols for QIS by distributing the qubits among the 
parties in different ways. However, some protocols are 
preferred over others, owing to their robustness and ex- 
perimental feasibility. It has been conjectured [17] that 
through a genuinely entangled channel of N qubits, a 
maximum of {N — 2n) protocols can be devised for the 
QIS of an arbitrary n qubit state among two parties in 
the case where they need not meet. According to this, 
one can devise a maximum of k protocols for QIS of an 
arbitrary {N — k) state (fc < N) using \C2n)- A protocol 
can be considered successful only if, after Alice performs 
the measurement. Bob- Charlie system collapses into a 
partially entangled state. In general any P qubit entan- 
gled state having P > {2N + 1) qubits can be used for 
QIS of an arbitrary N qubit state, if it is possible to 
project any (2A^ — 1) qubits into the form 
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by performing local measurements on the other qubits. 
Here \pi)N refers to the Bell and the GHZ states for 
N = 2 and N > 2 respectively, jJli) refers to the com- 
putational basis which contains one qubit less than |pi)jv 
and Ui £ ((Ti , /) represents a bit flip or an identity oper- 
ation which acts on \pi)N rendering another orthogonal 
Bell or GHZ state. While there are a total of 2^ orthog- 
onal GHZ states for a N qubit system, we consider only 
half of them, namely the ones with a positive phase dif- 
ference between the superposition terms. This condition 
is satisfied for (2N and it can be used for the QIS of an 
arbitray k qubit state for k < N. 

Let us consider the example of j^e) for splitting up 
of 1-02), in the case where Alice possesses the first 
three qubits. Bob possesses the fourth qubit and Char- 
lie possesses the last two qubits. Alice can perform a 
joint five qubit measurement on her qubits and con- 
vey the outcome of her measurement to Charlie. For 
instance, if the outcome of Alice's measurement reads 
^(|0)|V'+)00)-l-|l)|V'+)ll)) then the Bob-Charlie system 

collapses to the entangled state, (aoo|000) — aoi|lll) + 
Q!io|001) + aiijllO)). Bob can now perform a measure- 
ment, in the basis -T^dO) ± |1)), and communicate the 
outcome of his measurement to Charlie. Having known 
the outcomes of both their measurements, Charlie ob- 
tains the state by performing an appropriate controlled 
phase shift gate followed by an unitary operation. Hence, 
this protocol succeeds. All the protocols succeed for the 
QIS of \ipa) and {ipb), using JCg) as an entangled channel. 
The security of these protocols against eavesdropping at- 
tacks will require further investigation. Let us now turn 
our attention towards superdense coding. 

The general condition for an entangled channel JF/ib), 
where A and B refer to the subsystems of Alice and Bob 



respectively, to be used for superdense coding of 2fc cbits 
(fc < N) in k qubits is that there has to be atleast k ebits 
of entanglement between A and B. The channel capaci- 
ties of higher qubit GHZ and the cluster states doesnot 
reach the "Holevo bound", while that of |C2Ar) does. It is 
interesting to notice that it is always possible to generate 
a set of 4*^ orthogonal states by locally unitary operations 
on the first k qubits of \C2n)- Hence, if we let, Alice have 
first k particles and Bob, the remaining {2N—k) particles 
in |C2Af)j then Alice can perform unitary operations on 
her particles and convert it into a set of orthogonal states. 
After performing the unitary operations, Alice can send 
her particles to Bob. Bob can then, perform a measure- 
ment and retrieve the classical information. The given 
entangled channel can be used to send 2fc cbits by send- 
ing k qubits while consuming k ebits of entanglement. 
The channel capacity |2^ of |C2Af) reaches the "Holevo 
bound" , which is given by, X{p^^) = N + N-0^2N 
allowing 2N classical bits to be transmitted through TV 
quantum bits consuming only N ebits of entanglement. 
This is impossible using a GHZ, W or the cluster states 
of more than five qubits. Thus, this state can also be 
used instead of the Bell or the cluster states. A detailed 
investigation of Quantum secure direct communication 
schemes using \(^2n) with super dense coding is under 
current investigation. 



II. CONCLUSION 

In conclusion, we introduced a new genuinely entan- 
gled N partite analogue of the Bell state known as the 



" mirror state" with spectacular properties. The proposed 
state is experimentally realizable by performing a SWAP 
operation between the second and the last qubit followed 
by a controlled phase shift operation between the first 
{N + 1) qubits in N Bell pairs. Since SWAP and con- 
trolled phase shift operations have been experimentally 
realized in different systems, the production of the state 
is experimentally accessible. This state turns out to be 
an important resource for quantum communication pur- 
poses like teleportation, information splitting and super- 
dense coding. The introduced "mirror state" equals the 
well known Bell and the cluster states for TV = 1 and 
N — 2 and differs from the class of cluster states for 
TV > 3. It is shown that, the proposed state can be 
used for the teleportation of an arbitrary TV qubit state 
and information splitting of an arbitrary (TV — k) qubit 
state. The state is found to be an excellent resource for 
superdense coding as well. The given entangled channel 
can also be used to send 2k cbits by sending k qubits by 
utilizing k ebits of entanglement (k < N), making the su- 
perdense coding capacity reach the " Holevo bound" . The 
experimental creation of these states, is still a challenge 
although its experimentally feasible in condensed matter 
and NMR systems. A detailed analysis of the decoher- 
ence properties of this state is under current investigation 
The robustness of the protocols considered in this paper 
against particle loss and eavesdropping attacks also needs 
to be investigated. Apart from the quantum communica- 
tional protocols discussed here, we hope that the present 
state with useful entanglement properties will find appli- 
cations in other aspects of quantum information science. 
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